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Abstract 
For a category K we use Ob(lC) to denote the class of all objects of K; if X,Y E Oh(K), 
then MorK (X, Y) is the set of all K-morphisms from X into Y. Let A and a be subcategories of 
the category of all topological spaces and their continuous maps. We say that a covariant functor 
F : A + f3 is an embedding functor if there exists a class {ix: X E Oh(A)} satisfying the 
following conditions: (i) ix : X -+ F(X) is a homeomorphic embedding for every X E Oh(A), 
and (ii) if X, Y E Oh(A) and f E MorK(X, Y), then F(f) o ix = iy o f. For a natural number 
n let C(n) denote the category of all n-dimensional compact metric spaces and their continuous 
maps. Let G(< m) be the category of all Hausdorff finite-dimensional topological groups and 
their continuous group homomorphisms. We prove that there is no embedding covariant functor 
F : C( 1) + G(< oo), but there exists a covariant embedding functor F: C(0) + E(O), where 
G(O) is the category consisting of the single (zero-dimensional) compact metric group Zy and all 
its continuous group homomorphisms into itself, i.e., Ob(G(0)) = {Z;i} and Morg(o) (Z,W, i?!;) is 
the set of all continuous group homomorphisms from Zy into Zr. 0 1998 Elsevier Science B.V. 
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All undefined topological notions and notations can be found in [l], and categorical 
ones in [5]. In what follows IR” denotes the n-dimensional Euclidean space. We use 
dim X and ind X for denoting the covering dimension and the small inductive dimension 
of a Tychonoff space X, respectively, see [l, Section 71. For compact metric spaces these 
two dimensions coincide [ 1, Theorem 7.3.31, so we can simply speak about n-dimensional 
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compact metric spaces. We will say that a (Tychonoff) space X is jmite-dimensional 
provided that either indX or dimX is finite. 
For a category K we use Oh(K) to denote the class of all objects of K; if X, Y E 
Oh(K), then MorK:(X, Y) is the set of all K-morphisms from X into Y. 
Definition 1. Let A and B be subcategories of the category of all topological spaces 
and their continuous maps. We say that a covariant functor F : A + B is an embedding 
functor if there exists a class {ix: X E Oh(d)} satisfying the following conditions: 
(i) ix : X -+ F(X) is a homeomorphic embedding for every X E Oh(d), 
(ii) if X,Y E Oh(d) and f E Morx(X, Y), then F(f) o ix = iy o f, i.e., the 
following diagram is commutative: 
F(X) - F(f) F(Y) 
q ly. 
X-Y f 
For a natural number n let C(n) denote the category of all n-dimensional compact 
metric spaces and their continuous maps. Let G(< oo) be the category of all Hausdorff 
finite-dimensional topological groups and their continuous group homomorphisms. 
The classical Lefschets-Nobeling-Pontryagin theorem says that every n-dimensional 
compact metric space can be homeomorphically embedded into a (2n + 1)-dimensional 
separable metric group (namely, into IR 2nf’) [4,7,8]. In this note we show that such an 
embedding cannot be made categorical: 
Theorem 2. There is no embedding covariantfinctor F : C( 1) --+ G(< oe). 
Let us note that n = 1 is the smallest possible dimension for which Theorem 2 can 
be proved, because for n = 0 we have the following positive result: 
Theorem 3. There exists a covariant embedding finctor F : C(0) 4 G(O), where G’(O) 
is the category consisting of the single (zero-dimensional) compact metric group Zy 
and all its continuous group homomorphisms into itself; i.e., Ob(G(0)) = {Zy} and 
MO%(o) ( 2r 2 ) Z” Z” is the set of all continuous group homomorphisms from Zy into Zy. 
The group Z!$ from Theorem 3 is the countable Cartesian product of the two-point 
discrete group Z.2 = (0, 1) en d owed with the Tychonoff product topology and coordi- 
natewise group operations. Topologically the space Z$ is homeomorphic to the Cantor 
set. 
To prove Theorem 2 we need three lemmas, first two of which are well known, and 
the third one is new. 
Lemma 4. If Y is a compact subspace of a Tychonoff space 2, then dim Y < min{ind 2, 
dim 2). 
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Lemma 5 [6, Theorem 31. If X is a compact Hausdotfspace of weight WI and dim X < 
71, then there exists a well-ordered inverse spectrum S = {Xcy . p;, /3 < Q < WI } such 
that X = 1%“” and X, E Ob(C(n,)) jar ever?_ a < ~1. 
Lemma 6. If there exists a covariant embedding jiunctor F : C(n) 4 G’(< x), then 
every compact Hausdorf space X of weight q and covering dimension dim X 6 r~ can 
be embedded as a subspace into a Hausdo$ topological group H with dim H < x. 
Proof. Let S be the spectrum from Lemma 5. Since F : C(n) + &?(< co) is a covariant 
functor, we have the natural spectrum F(S) = {F(X,), F(p;‘): $ < a < WI } associated 
with S. Let G,, = F(X,) and rr; = F(pz). Observe that G, E Ob(G(< cc)) for every 
cy E ~‘1, so we can find a natural number m, such that G, is a Hausdorff topological 
group with min{ind G,, dim G,} = m,. Then the set A,,,, = {o < WI : ma = m} is 
uncountable for some m. Let 
S,, = {X,,, pz,cr. 13 E A,, and ,!? < a}. and 
W%,) = {G,, r$, a:,P E A, and P < Q> 
be the subspectra of spectra S and F(S), respectively obtained via shrinking the index 
set WI to A,. Since A, is uncountable, it is cofinal in WI, and therefore we still have 
X = lim S, [ 1, Corollary 2.5.111. Since F is an embedding functor, for every Q E A,,, 
there &ts a homeomorphic embedding i, : X, + G, such that, whenever o, /3 E A,,, 
and B < o, the following diagram is commutative: 
Combining this with [l, Proposition 2.5.101, we conclude that there exists a homeomor- 
phic embedding, i, of X = limS, into G = 1E F(S,) such that ‘i, o p, = T,, o i 
for every Q E A,, where p,:X + X, and 7ra : G + G, are the limit projections 
of the spectra S, and F(S,), respectively. Now remember that every G, is a Haus- 
dorff topological group, and each 7-r; : G, + Gp is a continuous group homomorphism. 
Therefore G is a Hausdorff topological group. Let H be the smallest subgroup of G 
generated by i(X). Since H is algebraically generated by a compact space i(X), we 
have H = U{Yk: k E IV} where all Yk’s are compact. To finish the proof of our lemma 
it suffices to show that dim H < m. 
Fix k E N. Being a continuous image of the compact space Y, each nu(Yk) is 
compact. Since every Hausdorff topological group is a Tychonoff space, from Lemma 4 
and the choice of A, we conclude that dimrr,(Yk) 6 m for Q E A,,. Since Yk is 
compact, it follows that dimYk < m [6]. Finally, observe that H is a a-compact (in 
particular, normal) space which is covered by a countable family {Yk: k E N} of its 
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closed subspaces with dim Yk < m for every k E N, so dim H < m by the countable 
sum theorem [l, Theorem 7.2.11. 0 
Proof of Theorem 2. Kulesza has constructed a compact Hausdorff space X of weight 
WI such that dim X = 1, but dim H = cc for every Hausdorff topological group H 
that contains X as a subspace (see Corollary to Theorem 4.1 in [3]). This, jointly with 
Lemma 6, proves Theorem 2. 0 
Proof of Theorem 3. Let C be the Cantor set, and let P:C(O) + C(0) be the functor 
defined as follows: 
P(X) = X $ C for X E Ob(C(O)), and 
p(f) = f’ E More(a) (P(X), P(Y)) for f E Morc(o)(X, Y), 
where f’(z) = f( ) f 2 or z E X and f’(z) = z for 5 E C. For every countable infinite set 
S fix a topological group isomorphism rrs : Zf + Zy. For every X E Ob(C(0)) let Ux 
denote the set of all subsets of X which are simultaneously open and closed. For U E Ux 
let Xg : X + Z2 be the characteristic function of U defined by X$(x) = 1 if 2 E U 
and X;(Z) = 0 otherwise. For X E Ob(C(0)) the diagonal product J’X = n{X$: U E 
&}:X + ZP, which sends z E X to {&(x)}~~u, E Zp, is a homeomorphic 
embedding. For f E Marc(a) (X, Y) define J(f) : Zy -+ Zy as follows: 
J(~)({QJ}uEu,) = {z~-~(v))vEu~ for each {W)UEU~ E .Zy. 
(Note that f-‘(V) t 24~ for all V E UY, so J(f) a b ove is correctly defined.) Obviously 
J(f) : zp + zy 1s a continuous group homomorphism. One can easily check that the 
diagram 
J(f) Uy 
2 X-Z r ; 2 1 jY 
X-Y f 
is commutative for every f E Morc(a)(X, Y). Define F(X) = Zy for all X E Ob(C(0)). 
For each X E Ob(C(0)) th e set UP(x) is countable and infinite, which allows us to define 
F(f) = W,(Y) O J(W)) O 7r G&X) E MorG(<,)(o) (z?, G) 
for every f E Morcco) (X, Y). A simple verification that F is as required is left to the 
reader. 0 
Remark 7. As it can be easily seen from the proof of Theorem 3, this theorem remains 
valid if one simultaneously replaces in its statement w by any infinite cardinal 7, and the 
category C(0) by the category C,(O) of all zero-dimensional compact spaces of weight 
< r and their continuous mappings. 
Let Aut( [0, 11) be the category of of all autohomeomorphisms of a closed unit interval 
[O, l] considered in [9] and [2]. This is a special subcategory of C( 1) which is radically 
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smaller and less knotty than C( 1). One could naturally ask whether Theorem 2 still holds 
for this smaller category: 
Question 8. Is there an embedding covariant functor F : Aut( [0, 11) --f G( < oo)? 
For a natural number n let R(n) denote the category consisting of the single ob- 
ject Iw” together with its continuous maps into itself, i.e., Ob(R(n)) = {IRn} and 
MorRcn) (IWn, &!Y) is the set of all continuous maps from R” into itself. (We ignore 
the group structure of Iw” considering only the topological structure of the space IRn.) 
The author does not know the answer to the following question, which should be obvi- 
ously considered as the natural categorical version of the Lefschets-Nbbeling-Pontryagin 
theorem (compare it with Theorem 2): 
Question 9. Are there, for every natural number n, a natural number Ic, and an embed- 
ding covariant functor F, : C(n) + R(k,)? In particular, can one take Ic, = 2n + l? 
Results of this paper were announced in [lo]. 
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